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Experiments with paramagnetic molecules (ThO, HfF+, YbF, YbOH, BaF, etc.) provide strong
constraints on electron electric dipole moment (EDM) and coupling constant CSP of contact semilep-
tonic interaction. We compute contributions to CSP arising from the nucleon EDMs and from the
P, T -violating nucleon-nucleon interactions. This allows us to derive limits on the CP -violating pa-
rameters, such as the proton EDM, |dp| < 4.8×10−25e·cm, the QCD vacuum angle, |θ¯| < 7.6×10−10,
as well as the quark chromo-EDMs and pi-meson-nucleon couplings.
Introduction: The Standard Model of elemen-
tary particles naturally incorporates the sources for
CP (charge and parity) violation represented by the
Cabibbo–Kobayashi–Maskawa (CKM) matrix [1, 2] and
the QCD vacuum angle [3–5] (see also Refs. [6, 7] and
further references therein). While the elements of the
CKM matrix are measured to a high accuracy, the ex-
act value of the QCD vacuum angle θ¯ is not known. In
recent years, the precision in modern atomic and molecu-
lar EDM experiments has been improved to such a level
that constraints on θ¯ and other CP -violating parame-
ters imposed by these experiments are approaching or
even exceeding those of particle physics [8–14]. Experi-
ments with diamagnetic atoms and molecules target the
nuclear Schiff moments arising from nucleon EDMs and
CP -violating nuclear forces [8, 12, 14–26] whereas those
using paramagnetic polar molecules [10, 27–31] aim at
measuring the electron EDM.
In paramagnetic atoms, an atomic EDM may be in-
duced by the following contact CP -odd semileptonic op-
erators
L = GF√
2
CpSP e¯iγ5e p¯p+
GF√
2
CnSP e¯iγ5e n¯n , (1)
where GF is the Fermi coupling constant, e, p and n
are respectively the electron, proton and neutron fields;
CpSP and C
n
SP are the electron couplings to the proton
and neutrons, respectively. The subscript SP denotes
the nucleon-scalar and electron pseudoscalar two-fermion
bilinears.
In polarised polar molecules, the interaction (1) in-
duces shifts of energy levels. The measurement of these
shifts places constraints on the value of CSP ≡ CpSPZ/A+
CnSPN/A, where A and Z are the nuclear mass and charge
numbers, and N = A−Z is the number of neutrons. The
most stringent constraint on CSP is placed by the ACME
collaboration [31], which used the molecule 232ThO, (90%
C.L.)
|CSP |Th < 7.3× 10−10 . (2)
The coupling constant CSP receives contributions from
various CP -violating interactions, including the CP -odd
nuclear forces with coupling constants ξp,n and the nu-
cleon EDM dp,n effects. The parameters ξp,n and dp,n,
in turn, may be expressed in terms of more fundamen-
tal ones, namely, the pi-meson-nucleon coupling constants
g¯0,1,2, the quark chromo-EDMs d˜d,u and the QCD vac-
uum angle θ¯. Our aim is to determine the leading depen-
dence of CSP on the parameters dp,n, ξp,n, g¯0,1,2 and d˜d,u
and θ¯ for 232Th and several other atoms of experimental
interest, including Ba, Yb, Hf, Pb and Ra.
In the recent paper [32], the contributions to CSP from
the two-photon and pi, η-meson exchanges between elec-
trons and nucleons were calculated. These contributions
led to a limit on the QCD vacuum angle |θ¯| . 3× 10−8.
In this letter, we will take into account nuclear struc-
ture effects in the electron-nucleon interaction. As we
will demonstrate further, this allows us to find stronger
limits on the CP -violating hadronic parameters.
It is important to note that, according to a theorem by
Schiff [33], atomic electrons completely shield the atomic
nucleus from any constant external electric field, thus di-
minishing the effects of nuclear EDM. The CP -odd nu-
clear forces can be measured through the nuclear Schiff
moments and magnetic quadrupole moments [34–36], or
by means of applying an oscillating electric field and ob-
serving nuclear spin rotations as argued in the Refs. [37–
41]. However, since the Schiff theorem applies only to a
system which interacts electrically, the interaction of the
atomic electrons with the magnetic dipole moment of the
nucleus allows for a non-zero atomic EDM induced by a
nuclear EDM [33]. This letter is devoted to the study
of the mechanism for the production of the atomic EDM
from the combined electric and magnetic interaction be-
tween the atomic electrons and the nucleus.
In Ref. [42] it was argued that for atoms with vanishing
nuclear spins there are no non-vanishing contributions to
the atomic EDM from CP -violating nuclear scalar po-
larizability. However, the analysis of Ref. [42] did not
take into account specific near-nucleus electronic contri-
butions which are significantly enhanced by relativistic
effects in heavy atoms. Indeed, since the electronic s
and p Dirac wave functions for a point-like nucleus are
singular at the origin, the electronic matrix elements be-
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2tween these states are formally divergent and thus make
significant contributions to the induced atomic EDM. In
this letter, we will systematically analyze the contribu-
tions to the atomic EDM from such matrix elements in
atoms with vanishing nuclear spins and compare them
with those arising from the contact electron-nucleon in-
teraction (1). This will allow us to obtain the leading-
order dependence CSP (dp,n, ξp,n, g¯0,1,2, d˜d,u, θ¯) for several
atoms of experimental interest and deduce improved lim-
its on the CP -violating hadronic parameters.
Atomic EDM due to contact electron-nucleon
interaction: In an atom, the CP -odd interaction (1)
between a valence electron and the nucleus is described
by the Hamiltonian Hc =
GF√
2
CSP γ0γ5ρ(r), where γ0 and
γ5 are the Dirac matrices, r is the position vector of the
electron and ρ(r) is the normalized nuclear charge den-
sity. In the leading approximation, ρ(r) is constant inside
the nucleus of radius R0 and vanishes outside.
The matrix element 〈p1/2|Hc |s1/2〉 has a large rela-
tivistic amplification factor because of the small-distance
singularity of the s1/2 and p1/2 wave functions [43]. As
a result, to the leading order, the atomic EDM arising
from the interaction Hc may be written as
d ≈ 2 〈s1/2| er |p1/2〉 〈p1/2|Hc |s1/2〉
Ep1/2 − Es1/2
,(3a)
〈p1/2|Hc |s1/2〉 ≈ − GF
2
√
2pi
3AZαγ
2γ + 1
cs1/2cp1/2CSP
R2−2γ0
, (3b)
where Es1/2 and Ep1/2 are the energies of the s1/2 and
p1/2 states, respectively; α is the fine structure constant
and γ =
√
1− Z2α2. Here we have taken into account
that for r  aB/Z the s1/2 and p1/2 Dirac-Coulomb wave
functions have the form (see, e.g., Ref. [44])
|s1/2〉 ≈ cs1/2rγ−1
( −(γ + 1)Ω−1µ
iZαΩ1µ
)
, (4a)
|p1/2〉 ≈ cp1/2rγ−1
(
(1− γ)Ω1µ
iZαΩ−1µ
)
, (4b)
where Ωκµ is the spherical spinor and cs1/2 , cp1/2 are nor-
malization constants. We do not specify the values of
these normalization constants, as our final results will be
independent of cs1/2 and cp1/2 .
Contribution to the atomic EDM from nucleon
permanent EDM: Let dτ = dτσ and µτ = µ0(g
l
τ l +
gsτs) be the operators of electric and magnetic dipole mo-
ments of the nucleon. Here dτ = (dp, dn) is the nucleon
permanent EDM, µ0 is the nuclear magneton, g
l
τ and g
s
τ
are the orbital and spin g-factors of the nucleon. The op-
erators dτ and µτ couple with the electric and magnetic
fields of the electron, yielding the interaction Hamilto-
nian
H = HE +HB ,
HE = −edτ · r
r3
, HB = −eµτ · (r×α)
r3
,
(5)
where α are the electron’s Dirac matrices.
The unperturbed atomic states will be denoted by
|mm′〉 = |m〉|m′〉, where |m〉 and |m′〉 are electronic and
nuclear states, respectively. The first-order contributions
to the atomic EDM due to the interaction Hamiltonian
(5) vanish for spinless nuclei which we consider in this
letter, 〈0′|s|0′〉 = 0. non-vanishing contributions to the
atomic EDM arise in the second order of the perturbation
theory (see Ref. [42] for details),
d = 2
∑
m,n,n′
〈0| er |m〉 〈0′m|H |nn′〉 〈n′n|H |00′〉
(Em − E0) (E00′ − Enn′) , (6)
where the sum is taken over m 6= 0 and nn′ 6= 00′. Note
also that we employ the notation Enn′ ≡ En+En′ , where
En and En′ are energies of electronic and nuclear excita-
tions, respectively.
Similarly to the contact interaction considered in the
previous section, the expression (6) receives leading con-
tributions from terms with |0〉 = |s1/2〉 and |m〉 = |p1/2〉.
As a result, Eq. (6) may be cast in the form (3a), with
the contact interaction operator Hc replaced with an ef-
fective interaction Hamiltonian Heff defined by
Heff ≡
∑
nn′ 6=00′
|m〉 〈0′m|H |nn′〉 〈n′n|H |00′〉 〈0|
E00′ − Enn′ . (7)
Upon substitution of the operators (5) into Eq. (7), the
contribution to the matrix element of Heff which is linear
in dτ may be written as
〈p1/2|Heff |s1/2〉 =
∑
n′ 6=0′
βn′M(En′) , (8)
where βn′ accounts for the nuclear matrix elements,
βn′ = 〈0′|dτ |n′〉 〈n′|µτ |0′〉 , (9)
and the function M(En′) represents the contributions
due to the electronic matrix elements,
M(En′) =
1
3
∑
n
〈p1/2| err3 |n〉 〈n| e(r×α)r3 |s1/2〉
Es1/20′ − Enn′
+
1
3
∑
n
〈p1/2| e(r×α)r3 |n〉 〈n| err3 |s1/2〉
Es1/20′ − Enn′
.
(10)
For each nuclear energy En′ , the value of the function
M(En′) is calculated numerically using the method de-
scribed, e.g., in Ref. [43]. Within this method, one first
solves for the corrections to the wave function |s1/2〉 due
to the perturbations e (r×α) /r3 and r/r3, respectively,
and then integrates with the |p1/2〉 wave function. Fur-
ther details of these computations are given in Appendix
B.
The nuclear matrix elements (9) correspond to the
spin-flip M1 nuclear transitions. The computations of
3these matrix elements slightly differ for spherical and
deformed nuclei. For the former, it is appropriate to
describe the nuclear states in the spherical basis, in
which the matrix elements of the total momentum j
vanish for fine structure doublets. As a result, substi-
tuting the operators dτ and µτ into Eq. (9) and us-
ing the identity l = j − s, the nuclear matrix elements
may be written as 〈0′|dτ |n′〉〈n′|µτ |0′〉 = 2µ0dτ (gsτ −
glτ )|〈n′|s|0′〉|2. For deformed nuclei, the states are usu-
ally represented within the Nilsson basis [45], in which
〈0′| l |n′〉 〈n′| s |0′〉 = 0. Thus, for deformed nuclei in Eq.
(9) we have 〈0′|dτ |n′〉〈n′|µτ |0′〉 = 2µ0dτgsτ |〈n′|s|0′〉|2.
These two cases may be combined in one expression
βn′ = 2dτµ0
(
gsτ − glτ
) | 〈0′| s |n′〉 |2 , (11)
where  = 1 for spherical nuclei and  = 0 for deformed
ones.
In Eq. (11), the values of the g-factors for the pro-
ton and neutron are glp = 1, g
s
p = 5.586, g
l
n = 0 and
gsn = −3.826, respectively. The energies En′ and ma-
trix elements 〈0′| s |n′〉 of the spin-flip M1 transitions are
listed in Appendix A for different nuclei of interest.
It is convenient to denote the energies and ma-
trix elements for proton M1 spin-flip transitions as Epi
and 〈0′| s |n′〉pi, and for neutron transitions as Eν and
〈0′| s |n′〉ν . With βn′ given by Eq. (11), this allows us to
represent the matrix element (8) in a compact form
〈p1/2|Heff |s1/2〉 = 2µ0
∑
τ=p,n
dτ
(
gsτ − glτ
)
Mτ , (12)
where the quantities Mp and Mn are defined by
Mp(n) ≡
∑
Epi(ν)
| 〈0′| s |n′〉pi(ν) |2M(Epi(ν)) . (13)
Note that for deformed nuclei this expression simplifies,
because in the Nilsson basis | 〈0′| s |n′〉 |2 = 1.
The details of numerical computations of the coeffi-
cients Mp and Mn are given in Appendix B. In particular,
for 232Th they are Mp = 0.053cs1/2cp1/2 fm
−3 and Mn =
0.12cs1/2cp1/2 fm
−3. For 180Hf, Mp = 0.2cs1/2cp1/2 fm
−3
and Mn = 0.12cs1/2cp1/2 fm
−3.
Contributions to the atomic EDM from P, T -
odd nuclear forces: The P, T -odd nucleon-nucleon in-
teraction may be effectively taken into account by intro-
ducing the perturbed nuclear wave functions [34]
|n′〉 → |n˜′〉 = (1 + ξτσ · ∇) |n′〉 , (14)
where ξτ = (ξp, ξn) is the effective coupling constant.
This P, T -odd nucleon-nucleon interaction amounts to
the atomic EDM which arises due to the interaction
Hamiltonian (5), with dτ = eτr being the nuclear electric
dipole operator. Here eτ = (ep, en) is the effective charge
of the nucleon, ep = (N/A)e, en = −(Z/A)e, which ap-
pears due to the recoil effect.
The leading contribution to the atomic EDM may be
represented by an equation similar to (3a), in which the
Hamiltonian Hc is replaced with the effective Hamilto-
nian (7) possessing the matrix element of the form (8).
The only new feature is that the nuclear matrix elements
(9) are now given by βn′ = 〈0˜′|dτ |n˜′〉〈n˜′|µτ |0˜′〉. Sub-
stituting here the P, T -perturbed nuclear states (14) and
taking into account the comments above Eq. (11), we find
βn′ = −2µ0eτξτ
(
gsτ − glτ
) |〈0′|s|n′〉|2
+ 2µ0eτξτ
(
gsτ − glτ
) 〈0′|r|n′〉〈n′|s× p|0′〉 , (15)
where p is the nucleon momentum operator.
The last term in Eq. (15) involves the E1 matrix el-
ement 〈0′|r|n′〉 which may be accounted for within the
giant resonance model. In this model, we assume that
all the E1 matrix elements have approximately the same
energy E¯, which is the energy of the E1 giant resonance.
In this case, after the summation over n′, the last term
in Eq. (15) is proportional to
∑
n′〈0′|r|n′〉〈n′|s×p|0′〉 =
−〈0′|l · s|0′〉 ≡ −〈l · s〉, where we have taken into account
the completeness of the states |n′〉. The expectation value
of the l · s operator may be estimated using Nilsson nu-
clear model [45, 46]. The values of these matrix elements
as well as the energies E¯ are listed for different nuclei of
interest in Appendix A.
Taking into account the above comments about the
nuclear matrix elements, one may substitute the expres-
sion (15) into Eq. (8) and find the matrix element of the
effective interaction Hamiltonian
〈s1/2|Heff |p1/2〉 = −2µ0
∑
τ=p,n
eτξτ
[
(gsτ − glτ )Mτ
+ (gsτ − glτ )〈l · s〉τM(E¯)
]
,
(16)
where 〈l · s〉p and 〈l · s〉n are expectation values of the l · s
operator for the proton and neutron states, respectively.
The values of the coefficients Mp and Mn for
232Th
and 180Hf were given at the end of the previous section.
For the coefficient M(E¯) we find: For 232Th, M(E¯) =
4.1 × 10−4cs1/2cp1/2 fm−3 and for 180Hf, M(E¯) = 1.9 ×
10−3cs1/2cp1/2 fm
−3, see Table III in Appendix B.
Constraints on CP -odd hadronic parameters: In
Eqs. (12) and (16), we computed the contributions to the
atomic EDM (3a) due to the nucleon EDMs and P, T -
odd nuclear interactions. It is natural to compare these
contributions with that due to the contact interaction
Hc. This amounts to comparing the sum of the matrix
elements (12) and (16) with the matrix element (3b).
Equating these matrix elements gives the following rela-
tion between the constant CSP and the parameters dp,
dn and ξp, ξn:
4CSP = −4
√
2pi
GF
2γ + 1
3AZαγ
µ0R
2γ−2
0
cs1/2cp1/2
∑
τ=p,n
[
(gsτ − glτ )Mτ (dτ − eτξτ )− (gsτ − glτ )M(E¯)eτξτ 〈l · s〉τ
]
. (17)
We point out that the right-hand side of Eq. (17) is in-
dependent of the wave functions normalization constants
cs1/2 and cp1/2 . Indeed, as is seen from the definition
(10), the function M(E) contains the same normaliza-
tion constants, so that they cancel out in Eqs. (17).
Taking into account the numerical values of all param-
eters, Eq. (17) may be cast in the final form
CSP = (λ1dp − λ2dn − λ3eξp − λ4eξn)× 10
15
e · cm , (18)
where the values of the coefficients λ1, . . . , λ4 for several
atoms of interest are presented in Table I.
The relations (17) and (18) represent the central re-
sults of this letter. They allow us to place limits on the
nucleon EDMs dτ and the coupling constants of P, T -odd
nuclear forces ξτ . Taking into account the most recent
constraint on |CSP | from the HfF+ [29] and ThO [31]
EDM experiments (see also Ref. [47]), we obtain the lim-
its on |dp| and |ξp,n|. These results are collected in Table
II.
Eq. (17) may be used to place limits on other hadronic
CP -violating parameters, such as the quark chromo-
EDMs d˜d,u, the pi-meson-nucleon interaction constants
g¯0,1,2 and the QCD vacuum angle θ¯. These param-
eters are related to dτ and ξτ as follows [34, 48–52]
(see also Refs. [6, 7]): dp = 1.1e(0.5d˜d + d˜u), dn =
1.1e(d˜d + 0.5d˜u), dp = 2.1 × 10−16θ¯e · cm, dn = −2.7 ×
10−16θ¯e · cm, ξp = −ξn = 7.4 × 10−16θ¯cm, ξp =
−ξn = 10−14g (−0.2g¯0 + g¯1 + 0.42g¯2) cm, gg¯0 = 0.21θ¯,
gg¯0 = 0.8 × 1015(d˜u + d˜d)cm−1, gg¯1 = −0.046θ¯ and
gg¯1 = 4.0 × 1015(d˜u − d˜d)cm−1. Using these relations
and Eq. (18), we find:
CSP = −λ5 (−0.20gg¯0 + gg¯1 + 0.42gg¯2) , (19a)
CSP = (λ6d˜d − λ7d˜u)× 1015cm−1 , (19b)
CSP = λ8θ¯ , (19c)
where the numerical values of the coefficients λ5, . . . , λ8
are given in Table I. The limits on g¯i, d˜d,u and θ¯ which
follow from Eqs. (19) are presented in Table II.
Conclusions: In this letter, we demonstrated that the
experiments measuring the electron electric dipole mo-
ment (eEDM) with paramagnetic atoms and molecules
are also sensitive to the nucleon EDMs and P, T -violating
nucleon-nucleon interactions. Dominant contributions to
λ1 λ2 λ3 λ4 λ5 λ6 λ7 λ8
S
p
h
er
ic
a
l 138Ba 1.26 1.01 1.03 0.75 2.75 11.0 9.73 0.33
206Pb 0.92 1.51 0.84 0.84 0.04 -1.02 -0.04 0.60
208Pb 0.91 0.55 0.84 0.44 4.01 16.6 14.7 0.04
D
ef
o
rm
ed
172Yb 2.52 1.93 1.79 1.04 7.50 30.4 27.1 0.49
174Yb 2.48 2.89 1.78 1.45 3.34 12.1 11.7 1.05
176Yb 2.45 2.42 1.77 1.17 5.99 23.6 21.6 0.72
178Hf 6.53 2.20 4.15 1.10 30.4 128 111 -0.29
180Hf 6.43 2.45 4.11 1.25 28.6 120 104 -0.11
226Ra 1.11 0.84 0.80 0.41 3.87 15.8 14.1 0.17
232Th 1.54 2.41 1.02 0.99 0.24 -0.81 0.56 0.95
Table I: The results of numerical computations of the coeffi-
cients λ1, . . . , λ8 in Eqs. (18) and (19).
180HfF+ 232ThO
|CSP | 1.8× 10−8 [29, 47] 7.3× 10−10 [31]
|dp| 2.8× 10−24e · cm 4.8× 10−25e · cm
|ξp| 5.1× 10−23cm 8.4× 10−24cm
|ξn| 1.7× 10−22cm 8.6× 10−24cm
|g¯0| 2.3× 10−10 1.1× 10−9
|g¯1| 4.6× 10−11 2.2× 10−10
|g¯2| 1.1× 10−10 5.3× 10−10
|d˜u| 1.7× 10−25cm 1.3× 10−24cm
|d˜d| 1.5× 10−25cm 9.1× 10−25cm
|θ¯| 1.7× 10−7 7.6× 10−10
Table II: Limits on absolute values of CP -violating hadronic
parameters arising from the relations (18) and (19) upon im-
plementing the constraints on the constant CSP from the
180HfF+ [29, 47] and 232ThO [31] experiments.
the atomic EDM in such atoms arise from the combined
electric and magnetic electron-nucleus interaction. Tak-
ing into account nuclear structure effects, we derived
relations between the electron-nucleus contact interac-
tion constant CSP and CP -violating parameters. Using
the limit on CSP from ThO experiment [31], we placed
independent limits on the proton EDM, |dp| < 4.8 ×
10−25e·cm, and the QCD vacuum angle, |θ¯| < 7.6×10−10,
and other CP -odd parameters. We expect that the ob-
tained relations may place the most stringent limits on
these parameters once improved constraints on CSP are
available from next generations of eEDM experiments
[10, 11, 29–31, 53].
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Appendix A: Nuclear energies and matrix elements
In this appendix, we estimate the nuclear matrix ele-
ments and corresponding energies of M1 spin-flip nuclear
single-particle transitions. The details of these computa-
tions slightly differ for (nearly) spherical and deformed
nuclei. Therefore, we consider these two cases separately.
Spherical nuclei
In this section, we focus on the 208Pb, 206Pb and 138Ba
nuclei, which are nearly spherical, i.e., they have defor-
mation δ < 0.1. For such a nucleus, proton and neutron
single-particle states may be labeled as |n, l, j,m〉, where
n is the oscillator quantum number, l and j are the or-
bital and total momentum numbers, m is magnetic quan-
tum number. In this basis, the nuclear spin operator s
provides transitions between fine structure doublets.
In the 208Pb nucleus, the non-vanishing matrix ele-
ments of the spin operator are 〈5h 92 |s|5h 112 〉 for protons
and 〈6i 112 |s|6i 132 〉 for neutrons. The isotope 206Pb has ad-
ditional contributions from the 〈5p 12 |s|5p 32 〉 neutron ma-
trix elements. For 138Ba, non-vanishing proton contri-
butions arise from the matrix elements 〈4d 32 |s|4d 52 〉 and〈4g 92 |s|4g 72 〉 whereas neutron contributions come from〈5h 92 |s|5h 112 〉. All these matrix elements are calculated
using the properties of spherical spinors (see, e.g., Ref.
[54]). The energies of all these transitions are estimated
with the use of Fig. 5 in Ref. [46]. When the energies
are (nearly) degenerate, we give the sum of matrix el-
ements corresponding to the same energy. In the ta-
bles below, we collect the values of such matrix elements
with the corresponding energies for 208Pb, 206Pb and
138Ba. These tables also include the expectation values
of the l · s operator and the energies of the giant elec-
tric dipole resonance estimated by the empirical formula
E¯ = 95(1 − A−1/3)A−1/3 MeV, with A being the mass
number of a heavy nucleus [55, 56].
138Ba
Proton transitions Neutron transitions
|〈n′|s|0′〉p|2 En′ (MeV) |〈n′|s|0〉′n|2 En′ (MeV)
18
25 2.7
170
121 5.3
2
25 4.1
200
121 5.4
28
81 4.3
30
121 5.5
56
81 4.4
136
121 5.9
16
81 4.5
56
121 6.0
8
9 4.6
60
121 6.2
8
81 5.2
8
121 6.5
〈0′|l · s|0′〉p = 7 〈0′|l · s|0′〉n = 15
E¯ = 14.8 MeV, δ = 0.09
208Pb
Proton transitions Neutron transitions
|〈n′|s|0′〉p|2 En′ (MeV) |〈n′|s|0〉′n|2 En′ (MeV)
10
11 4.5
72
169 6.1
162
121 4.6
462
169 6.2
98
121 4.7
318
169 6.3
250
121 4.8
132
169 6.4
32
121 5.0
100
169 6.5
8
121 5.1
6
169 6.7
2
169 6.9
〈0′|l · s|0′〉p = 15 〈0′|l · s|0′〉n = 21
E¯ = 13.3 MeV, δ = 0.05
206Pb
Proton transitions Neutron transitions
|〈n′|s|0′〉p|2 En′ (MeV) |〈n′|s|0〉′n|2 En′ (MeV)
10
11 4.5
72
169 6.1
162
121 4.6
462
169 6.2
98
121 4.7
318
169 6.3
250
121 4.8
132
169 6.4
32
121 5.0
100
169 6.5
8
121 5.1
6
169 6.7
2
169 6.9
2
3 1.4
10
9 2.0
〈0′|l · s|0′〉p = 15 〈0′|l · s|0′〉n = 21
E¯ = 13.3 MeV, δ = 0.03
Deformed nuclei
For deformed heavy nuclei with δ > 0.1, it is conve-
nient to use the Nilsson basis [45, 46]. In this basis,
proton and neutron single-particle states are labeled as
|n3, n⊥,Λ,Ω〉, where n3 and n⊥ are the oscillator quan-
tum numbers, Λ and Ω are the projections of angular
and total momenta on the deformation axis. Note that
Ω = Λ+Σ where Σ is the projection of the nucleon’s spin
6on the deformation axis. The dependence of the energy
levels on the deformation parameter δ in this model is
represented in Fig. 5 in Ref. [46]. From such dependence,
one may estimate the energies of the spin-flip transitions.
Note that in the basis |n3, n⊥,Λ,Ω〉 each spin-flip M1
matrix element is 〈m′| s+ |0′〉 = 1, and the correspond-
ing energy level is doubly degenerate since each quantum
number Σ corresponds to ±Λ.
One may also compute the ground state expectation
value 〈0′| l · s |0′〉 = 〈0′|ΛΣ |0′〉 with the correspond-
ing energies by taking the sum over Λ and Σ quan-
tum numbers for all protons and neutron, respectively,
〈0′|l · s|0′〉p,n =
∑
p,n Λ · Σ.
The values of the single-nucleon spin-flip transition en-
ergies, the ground state expectation values 〈0′| l · s |0′〉,
the electric dipole giant resonance energies and the de-
formation parameter δ for several nuclei of interest are
presented in the corresponding tables below.
172Yb
Proton transitions Neutron transitions
Transition En′ (MeV) Transition En′ (MeV)
|523 72 〉 → | 52 〉 4.5 |651 32 〉 → |12 〉 3.9
|532 52 〉 → | 32 〉 4.0 |642 52 〉 → |32 〉 4.5
|541 32 〉 → | 12 〉 4.5 |633 72 〉 → |52 〉 5.0
|404 92 〉 → | 72 〉 4.1 |505 112 〉 → |92 〉 5.1
|514 92 〉 → |72 〉 4.6
〈0′|l · s|0′〉 = 10 〈0′|l · s|0′〉 = 15
E¯ = 14.0 MeV, δ = 0.31
174Yb
Proton transitions Neutron transitions
Transition En′ (MeV) Transition En′ (MeV)
|523 72 〉 → | 52 〉 4.5 |651 32 〉 → |12 〉 3.9
|532 52 〉 → | 32 〉 4.0 |642 52 〉 → |32 〉 4.5
|541 32 〉 → | 12 〉 4.5 |633 72 〉 → |52 〉 5.0
|404 92 〉 → | 72 〉 4.1 |505 112 〉 → |92 〉 5.1
|514 92 〉 → |72 〉 4.6
|512 52 〉 → |32 〉 2.4
〈0′|l · s|0′〉 = 10 〈0′|l · s|0′〉 = 17
E¯ = 14.0 MeV, δ = 0.31
176Yb
Proton transitions Neutron transitions
Transition En′ (MeV) Transition En′ (MeV)
|523 72 〉 → | 52 〉 4.5 |651 32 〉 → |12 〉 4.2
|532 52 〉 → | 32 〉 4.1 |642 52 〉 → |32 〉 4.5
|541 32 〉 → | 12 〉 4.5 |633 72 〉 → |52 〉 5.0
|404 92 〉 → | 72 〉 4.0 |505 112 〉 → |92 〉 5.2
|512 52 〉 → |32 〉 2.4
〈0′|l · s|0′〉 = 10 〈0′|l · s|0′〉 = 13
E¯ = 13.9 MeV, δ = 0.29
178Hf
Proton transitions Neutron transitions
Transition En′ (MeV) Transition En′ (MeV)
|523 72 〉 → |52 〉 4.4 |505 112 〉 → |92 〉 4.2
|532 52 〉 → |32 〉 4.1 |512 52 〉 → |32 〉 2.4
|541 32 〉 → |12 〉 4.1 |633 72 〉 → |52 〉 5.0
|402 52 〉 → |32 〉 1.9 |642 52 〉 → |32 〉 4.6
|411 32 〉 → |12 〉 1.4 |631 32 〉 → |12 〉 7.8
〈0′|l · s|0′〉 = 9 〈0′|l · s|0′〉 = 17
E¯ = 13.8 MeV, δ = 0.26
180Hf
Proton transitions Neutron transitions
Transition En′ (MeV) Transition En′ (MeV)
|523 72 〉 → |52 〉 4.4 |505 112 〉 → |92 〉 4.2
|532 52 〉 → |32 〉 4.1 |512 52 〉 → |32 〉 2.4
|541 32 〉 → |12 〉 4.1 |624 92 〉 → |72 〉 5.3
|402 52 〉 → |32 〉 1.9 |633 72 〉 → |52 〉 5.0
|411 32 〉 → |12 〉 1.4 |642 52 〉 → |32 〉 4.6
|631 32 〉 → |12 〉 7.8
〈0′|l · s|0′〉 = 9 〈0′|l · s|0′〉 = 17
E¯ = 13.8 MeV, δ = 0.25
226Ra
Proton transitions Neutron transitions
Transition En′ (MeV) Transition En′ (MeV)
|523 72 〉 → |52 〉 4.3 |624 92 〉 → |72 〉 5.0
|514 92 〉 → |72 〉 4.4 |615 112 〉 → |92 〉 5.0
|505 112 〉 → |92 〉 4.4 |606 132 〉 → |112 〉 5.6
|761 32 〉 → |12 〉 4.3
〈0′|l · s|0′〉 = 12 〈0′|l · s|0′〉 = 16
E¯ = 13.0 MeV, δ = 0.2
232Th
Proton transitions Neutron transitions
Transition En′ (MeV) Transition En′ (MeV)
|651 32 〉 → |12 〉 4.5 |752 52 〉 → |32 〉 4.1
|505 112 〉 → |92 〉 4.2 |761 32 〉 → |12 〉 4.0
|514 92 〉 → |72 〉 4.0 |631 32 〉 → |12 〉 1.0
|523 72 〉 → |52 〉 3.7 |624 92 〉 → |72 〉 5.0
|615 112 〉 → |92 〉 4.8
|606 132 〉 → |112 〉 5.4
〈0′|l · s|0′〉 = 13 〈0′|l · s|0′〉 = 19
E¯ = 12.9 MeV, δ = 0.25
Appendix B: Evaluation of electronic matrix element
In this appendix, we present the details of the calcu-
lation of the electronic matrix element in Eq. (10). For
7convenience, we use the spherical basis (e+, e−, e0). The
components of the vectors in this basis will be labeled by
the (+,−, 0) subscripts. Due to spherical symmetry, Eq.
(10) may be conveniently rewritten as
M = e2
(
〈p1/2| n0
r2
|0B〉+ 〈p1/2|
(n×α)0
r2
|0E〉
)
, (B1)
where the wave functions |0B〉 and |0E〉 are defined by
|0B〉 ≡
∑
n
|n〉 〈n| (n×α)0r2 |s1/2〉
Es1/20′ − Enn′
, (B2a)
|0E〉 ≡
∑
n
|n〉 〈n| n0r2 |s1/2〉
Es1/20′ − Enn′
. (B2b)
By construction, these wave functions obey the equations
(H0 + En′ − Es1/20′)|0B〉 = −
(n×α)0
r2
|s1/2〉 , (B3a)
(H0 + En′ − Es1/20′)|0E〉 = −
n0
r2
|s1/2〉 , (B3b)
where H0 is the unperturbed electronic Hamiltonian,
H0|n〉 = En|n〉. In this appendix, we solve the equa-
tions (B3) for |0B〉 and |0E〉 and determine the values of
the electronic matrix element (B1) for particular nuclear
energies En′ tabulated in Appendix A. From this point
on, without loss of generality, we set Es1/20′ = 0.
Equations (B3) may be solved in different ranges of the
radial variable r. As will be demonstrated in Sect. B1,
analytical solutions to Eqs. (B3) exist for r  Zα/En′ ,
i.e., in the region very close to the nucleus. However, the
leading contribution to Eq. (B1) comes from distances
beyond the vicinity of the nucleus. We will compute this
contribution numerically in Sect. B2.
B1: Short-range contribution
At small distances from the nucleus, r  aB/Z, the
inter-electron interaction is negligible as compared to
the Coulomb interaction of the electrons with the nu-
cleus. Therefore, in this region, the electron unperturbed
Hamiltonian is simply H0 = α · p + βme − Zα/r. Also,
in this regime, the unperturbed s1/2 and p1/2 wave func-
tions have the simple form (4). In this section, we will
employ these approximate wave functions to determine
the short-range contributions to the electronic matrix el-
ement (B1).
With the wave functions (4), the right-hand sides in
Eqs. (B3) may be written as
(n×α)0
r2
|s1/2〉 =
cs1/2
r3−γ
∑
κ=−1,2
λκµ
(
−ZαΩκµ
i(1 + γ)Ω−κµ
)
, (B4a)
n0
r2
|s1/2〉 =
cs1/2
r3−γ
∑
κ=−1,2
χκµ
(
−(γ + 1)Ω−κµ
iZαΩκµ
)
, (B4b)
where the coefficients λκµ and χ
κ
µ are defined via the al-
gebraic equations (n × σ)0Ω1µ = i(λ−1µ Ω−1µ + λ2µΩ2µ) and
n0Ω
1
µ = χ
−1
µ Ω
−1
µ + χ
2
µΩ
2
µ, respectively. Explicitly, they
are [54]: λ−11/2 = 2/3, λ
2
1/2 =
√
2/3 and χ−11/2 = −1/3,
χ21/2 =
√
2/3.
Equations (B4) suggest to look for the solutions to Eqs.
(B3) in the form
|0B〉 = cs1/2
∑
κ=−1,2
λκµ
(
fκB(r)Ω
κ
µ
igκB(r)Ω
−κ
µ
)
, (B5a)
|0E〉 = cs1/2
∑
κ=−1,2
χκµ
(
fκE(r)Ω
−κ
µ
igκE(r)Ω
κ
µ
)
, (B5b)
with some yet unknown radial functions fκB , g
κ
B , f
κ
E and
gκE . Substituting the solutions (B5) into Eqs. (B3), we
obtain the differential equations for these radial functions
dfκB
dr
+
1 + κ
r
fκB +
(
En′ − Zα
r
)
gκB = −
1 + γ
r3−γ
, (B6a)
dgκB
dr
+
1− κ
r
gκB −
(
En′ − Zα
r
)
fκB = −
Zα
r3−γ
, (B6b)
and
dfκE
dr
+
1− κ
r
fκE +
(
En′ − Zα
r
)
gκE = −
Zα
r3−γ
, (B7a)
dgκE
dr
+
1 + κ
r
gκE −
(
En′ − Zα
r
)
fκE = −
1 + γ
r3−γ
, (B7b)
where we have neglected the electron mass me in com-
parison with the nuclear energy En′ .
In general, Eqs. (B6) and (B7) are hard to solve ana-
lytically. However, for small distances r  Zα/En′ , the
nuclear energies in these equations may be discarded in
comparison with the other terms. In this case, the solu-
tions to Eqs. (B6) and (B7) may be written explicitly as
(
fκB
gκB
)
=
rγ−2
2− 2γ − κ2
(
(1 + γ)κ
−Zα (κ− 2)
)
, (B8a)(
fκE
gκE
)
= − r
γ−2
2− 2γ − κ2
(
Zα (2γ + κ)
(1 + γ) (2γ − κ− 2)
)
. (B8b)
Substituting the solutions (B8) into Eq. (B1) and in-
tegrating over radial and angular coordinates, we obtain
the short-range contribution to the electronic matrix el-
ement M
M (s) =
4e2cs1/2cp1/2
3
(1− γ)2
2γ − 1 I , (B9)
where I is the integral over the radial variable,
I =
R1∫
R0
dr r2γ−3 =
R2γ−20 −R2γ−21
2(1− γ) . (B10)
8The integration region here is from the nuclear radius R0
to the quantity R1 = Zα/(2En′), where the obtained so-
lutions (B8) are applicable. The superscript (s) signifies
the short-range contribution to M .
The short-range contributions to the electronic factors
M
(s)
p and M
(s)
n are presented in Table III. These short-
range contributions are comparable to those found in Ref.
[32].
B2: Numerical solution including short- and
mid-range contributions
In section B1, we estimated the contribution to the
electronic matrix element (B1) arising from the near-
nucleus region. However, as will be demonstrated below,
the dominant contribution to the quantity M comes from
distances beyond the neighbourhood of the nucleus.
Note that for r  R2 = max (1± κ) /En′ , the terms
proportional to 1/r in Eqs. (B6) and (B7) may be ne-
glected in comparison with those proportional to En′ .
As a result, the solutions fB,E and gB,E for r  R2 are
approximately independent of κ. The sums over κ in
the electronic matrix elements (B1), when carried out,
will result in a factor n · (n× σ) = 0. The vanishing of
this long-range contribution was pointed out in Ref. [42].
Taking this into consideration, we will limit our attention
only to the region R0 ≤ r ≤ qR2 where q & 1.
Also, in this range, we have r  aB/Z1/3 so the elec-
tron screening of the Coulomb potential is negligible [44]
and we may use the full charge number Z in Eqs. (B6)
and (B7). Furthermore, the s1/2 and p1/2 radial wave
functions are well approximated by (see, e.g., [44])
fs1/2 =
ks1/2
r
[
(−1 + γ)J2γ(x)− x
2
J2γ−1(x)
]
, (B11a)
fp1/2 =
kp1/2
r
[
(1 + γ)J2γ(x)− x
2
J2γ−1(x)
]
, (B11b)
gs1/2 =
ks1/2
r
ZαJ2γ(x) , (B11c)
gp1/2 =
kp1/2
r
ZαJ2γ(x) , (B11d)
where Jν(x) is the Bessel function of the first kind,
ks,p1/2 ≡ cs,p1/2Γ (2γ + 1)
(
aB
2Z
)γ
and x ≡√8Zr/aB .
The radial wave functions (B11) are to be substituted
into the right-hand sides of Eqs. (B6) and (B7), which
now read
dfκB
dr
+
1 + κ
r
fκB +
(
En′ − Zα
r
)
gκB =
fs1/2
r2
, (B12a)
dgκB
dr
+
1− κ
r
gκB −
(
En′ − Zα
r
)
fκB = −
gs1/2
r2
, (B12b)
and
dfκE
dr
+
1− κ
r
fκE +
(
En′ − Zα
r
)
gκE = −
gs1/2
r2
, (B13a)
dgκE
dr
+
1 + κ
r
gκE −
(
En′ − Zα
r
)
fκE =
fs1/2
r2
. (B13b)
Note that for r  aB/Z, Eqs. (B11) reduce to the
short-range asymptotic form, so the solutions (B8) are
already included in those of Eqs. (B12) and (B13). As
a result, for r  aB/Z, the numerical solutions to Eqs.
(B12) and (B13) must reduce to Eqs. (B8). We thus
enforce the boundary conditions by requiring that the
values of the numerical solutions to Eqs. (B12) and (B13)
at r = R0 are(
fκB
gκB
)
=
Rγ−20
2− 2γ − κ2
(
(1 + γ)κ
−Zα (κ− 2)
)
, (B14a)(
fκE
gκE
)
= − R
γ−2
0
2− 2γ − κ2
(
Zα (2γ + κ)
(1 + γ) (2γ − κ− 2)
)
. (B14b)
Mp Mn M(E¯) M
(s)
p M
(s)
n(
10−2
fm3
) (
10−2
fm3
) (
10−3
fm3
) (
10−3
fm3
) (
10−3
fm3
)
S
p
h
er
ic
a
l 138Ba 3.76 3.62 2.00 0.06 0.00
206Pb 3.81 7.56 1.33 0.62 0.78
208Pb 3.80 2.77 1.34 0.62 0.26
D
ef
o
rm
ed
172Yb 7.76 8.68 1.89 0.50 0.51
174Yb 7.74 13.2 1.90 0.50 0.79
176Yb 7.72 11.1 1.91 0.49 0.66
178Hf 20.7 10.2 1.86 1.30 0.62
180Hf 20.6 11.5 1.85 1.30 0.68
226Ra 3.83 4.21 0.67 1.23 1.28
232Th 5.26 12.0 0.41 2.03 3.31
Table III: Electronic matrix elements Mp, Mn and M(E¯) for
several atoms of interest. The values of the matrix elements
M are given relative to the normalization constant cs1/2cp1/2 .
The superscript (s) labels the short-range contributions pre-
sented here for comparison.
With the above boundary conditions, Eqs. (B12) and
(B13) may be solved numerically in the region R0 ≤ r ≤
qR2. In Fig. 1, we show that the values of electronic ma-
trix elements are not sensitive to a particular choice of
the parameter q subject to the constraint q & 25. The
values of the nuclear energies needed for computation are
taken from the tables presented in the Sect. B1. The ob-
tained solutions fκB,E and g
κ
B,E are then integrated with
the p1/2 wave function with radial parts as given in Eqs.
(B11b) and (B11d). The resulting numerical values of
the electronic factors Mp, Mn and M(E¯) are presented
in Table. III. In this table, we give also the short-range
9contributions to these coefficients labeled by the super-
script (s). As is seen from this table, the mid-range con-
tribution dominates over the short-range one.
As an illustration, we present also a plot in Figure
1, which shows the dependence of the electronic matrix
element M(5 MeV), corresponding to the 5-MeV neutron
spin-flip transition in 232Th on the upper limit qR2 of the
radial integrals. Clearly, near-nucleus contributions are
negligible in comparison with mid-range ones. It is also
clear that long-range contributions vanish and the result
saturates as we increase the cut-off.
Figure 1: Dependence of the electronic matrix element
M(5 MeV) corresponding to the 5-MeV neutron spin-flip tran-
sition in 232Th on the upper limit qR2 of the radial integrals.
The dash line shows the actual cut-off employed in the nu-
merical computation.
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